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Abstract: Coprime linear microphone arrays allow for narrower
beams with fewer sensors. A coprime microphone array consists of two
staggered uniform linear subarrays with M and N microphones, where
M and N are coprime with each other. By applying spatial filtering to
both subarrays and combining their outputs, M þN � 1 microphones
yield M �N directional bands. In this work, the coprime sampling
theory is implemented in the form of a linear microphone array of 16
elements with coprime numbers of 9 and 8. This coprime microphone
array is experimentally tested to validate the coprime array theory.
Both predicted and measured results are discussed. Experimental results
confirm that narrow beampatterns as predicted by the coprime sampling
theory can be obtained by the coprime microphone array.
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1. Introduction

Microphone arrays are used in a wide variety of situations for many acoustic applica-
tions, including passive-sonar localization, spatial-audio recording, and isolation of a
desired signal from noise.1–4 In particular, acoustic source localization based on micro-
phone array signal processing can be used to locate gunfire or aircraft in defense and
homeland-security applications, to localize noise sources in the design and manufactur-
ing process of machines in the aerospace industry,5 or to localize an unknown number
of spatially distributed sound sources in spatially distributed noise.6 All of these appli-
cations benefit from array designs and beamforming techniques that produce narrow
beams. However, conventional array theory limits resolution by the spatial Nyquist
theorem. In this work we report on experimental validation of an array design and
beamforming technique based on coprime number theory,7 which allows for array
designs with a drastically reduced number of sensors having spacing exceeding the
separation limit governed by the spatial Nyquist theorem.

To address this fundamental limitation, alternative array-processing methods
and sensing schemes, such as compressive sensing and random-array sensing, have
been explored.2,8 Lang et al.9 did theoretical work on maximum-entropy methods for
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array design computing array layouts with uneven sampling that had more degrees of
freedom. To achieve higher degrees of freedom becomes a technical challenge in the
array beamforming technique.

Vaidyanathan and Pal7 recently presented theoretical models for sparse sensing
using what they called a “coprime array.” A coprime array comprises two uniform lin-
ear subarrays that are coincident (the same starting point and both continue in the
same direction) with M and N components, where M and N are a coprime pair. This
particular array arrangement has a number of advantages over randomly distributed
sparse arrays8 because the microphone locations are easily determined, requiring no
exhaustive searches, and the outputs of the two subarrays can be combined in a unique
way due to the co-primality of the subarrays. These coprime arrays with appropriate
signal processing can achieve higher resolution than is classically possible by the
Rayleigh limit, allowing for accurate direction-of-arrival (DOA) estimation with a
drastically reduced number of sensors.

Following Vaidyanathan and Pal,7 coprime numbers have drawn increasing
attention in a wide range of acoustics and radar applications.10–12 This letter reports
on the experimental validation conducted using a linear coprime array consisting of
two subarrays of nine and eight microphones in a well-controlled quasi-anechoic
environment. This letter discusses preliminary results. More systematic experiments
and sophisticated data analysis are subjects of future research.

2. Basic theory

In order to describe how coprime numbers can be exploited to achieve more than
M �N degrees of freedom using only M þN � 1 sensor elements for beamforming and
DOA estimation, this section begins with the basics of beamforming a conventional
uniform linear array (ULA).13 The following description also relies heavily on the
recent work by Vaidyanathan and Pal.7

The beampattern of a conventional ULA of K microphones as illustrated in
Fig. 1(a), with each receiving a signal hðkÞ, can be expressed as

HK ¼
XK�1

k¼0

hðkÞe�jak; (1)

Fig. 1. (Color online) Linear coprime microphone array with coprime numbers M ¼ 4, N ¼ 5 and its beampat-
terns for normal incident waves. (a) Conventional linear microphone array requiring M �N microphones in
order to achieve a comparable beam width. (b) Subarray with M ¼ 4 microphones. (c) Subarray with N ¼ 5
microphones. (d) Staggered coprime microphone array consisting of M þN � 1 microphones, the first one (far
left) is shared by two subarrays. (e) Beampatterns of subarray (solid line), consisting of M microphones as
shown in (b) and subarray (dashed line), consisting of N microphones as shown in (c). Grating lobes at the fron-
tal direction overlap completely. (f) Beampatterns of the combined coprime microphone array for the normal
incidence and the one steered to 15�.

Xiang et al.: JASA Express Letters [http://dx.doi.org/10.1121/1.4915000] Published Online 23 March 2015

EL262 J. Acoust. Soc. Am. 137 (4), April 2015 Xiang et al.: Coprime microphone array

 Redistribution subject to ASA license or copyright; see http://acousticalsociety.org/content/terms. Download to IP:  129.161.33.106 On: Mon, 23 Mar 2015 13:53:14

http://dx.doi.org/10.1121/1.4915000


where a ¼ 2pd sin h=k with h being the azimuthal angle from normal, j ¼
ffiffiffiffiffiffiffi
�1

p
, d ¼ k=2

being the inter-microphone spacing, and k being the wavelength of interest. When the
inter-microphone spacing is d � k=2, the beampattern of this ULA of length L ¼ K � d
contains one main lobe. At the limit, d ¼ k=2, governed by the spatial Nyquist
theorem, the beampattern retains a single main lobe.13 The inter-microphone spacing
d ¼ k=2 is termed elementary spacing in the following. The frequency associated with
the wavelength is termed design (or critical) frequency. Given the aperture length L
and elementary spacing d, resulting in K microphones, the design frequency is deter-
mined by

f0 ¼
c
2d

¼ c � K
2L

; (2)

with c being the sound speed.
If M and N are a pair of coprime numbers, in other words, M and N have

no common dividers other than 1, the uniform linear array can be constructed consist-
ing of two virtual uniform line subarrays with drastically sparse spacing of the micro-
phones, but still achieve similar degrees of freedom. For a sparse uniform linear array,
as illustrated in Fig. 1(b), consisting of M microphones with inter-microphone spacing
much larger than the elementary spacing dM ¼ Nk=2 ¼ N � d (with N being a positive
integer), the sparse ULA of the given length L will contain fewer microphones
(M < K), resulting in a beampattern

HMðzNÞ ¼
XM�1

m¼0

hðmÞz�Nm; (3)

with z ¼ expðjp sin hÞ for simplicity. This simplified notation clarifies the coprime rela-
tionship between M and N as noted by HMðzNÞ. Figure 1(b) illustrates the physical
arrangement of this sparse ULA; note that this sparse ULA consists of M micro-
phones with a microphone spacing of N times the half-wavelength, and its far-field
beampattern function can be expressed13 as

PM hð Þ ¼
sin

kMdM
2

sin h

� �

sin
kdM
2

sin h

� � ej k M�1ð ÞdM=2½ �sin h ¼
sin

MNp
2

sin h

� �

sin
Np
2

sin h

� � ej M�1ð ÞNp=2½ �sin h; (4)

since kdM ¼ Np with k ¼ 2p=k. Figure 1(e) illustrates its beampattern (solid-line)
assuming the same values of hðmÞ sensed by all the microphones, containing a number
(N) of equally sensitive grating lobes (Ref. 4), also governed by the spatial Nyquist
Theorem. The interval between these grating lobes is k=dM ¼ 2=N, and the null-to-null
beam width of the grating lobes (in a-domain) is 2k=MdM ¼ 4=ðMNÞ. In a
similar fashion, the same length of the sparse ULA with an inter-microphone spacing
dN ¼ Mk=2 will contain N microphones,

HNðzMÞ ¼
XN�1

n¼0

hðnÞz�Mn: (5)

Figure 1(c) illustrates the subarray with N elements, its beampattern (dashed line)
assuming the same values of hðnÞ sensed by all the microphones, is shown in Fig. 1(e),
containing M grating lobes with their interval k=dN ¼ 2=M, the null-to-null beam
width (in a-domain) is 2k=NdN ¼ 4=ðMNÞ. Two staggered ULA subarrays as also
shown in Fig. 1(d) contain M þN � 1 microphones, with one microphone shared by
the two subarrays. Note that the beampattern of the subarray consisting of M uni-
formly spacing microphones (subarray M in short) contains N equally sensitive grating
lobes, while the subarray N contains M grating lobes. As shown in Fig. 1(e) only one
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(main) lobe of each subarray exactly overlaps, the rest of the grating lobes are largely
separated from each other so that a straightforward cross-correlation processing results
in the beampattern of the staggered coprime arrays,

HCðzÞ ¼ HMðzNÞH�
NðzMÞ: (6)

The width of the beampattern’s main lobe, as illustrated in Fig. 1(f), has the null-to-null
beam width of 4=ðMNÞ (in a-domain), which is similar to that of a conventional ULA
with M �N elements. From one of the subarrays, say, the subarray N, containing N
microphones with the inter-microphone spacing dN ¼ Mk=2 ¼ L=N for given aperture
length L, the design frequency that satisfies the constraints of both subarrays is

fc ¼
cMN
2L

: (7)

This is akin to replacing K in Eq. (2) with M �N.
Two distinct sidelobes, being significantly smaller than the main lobe, result

from partially overlapped grating lobes of the two subarrays. The other smaller side-
lobes are similar to those of conventional ULAs. The beampattern can also be steered
to an arbitrary looking angle, as shown in Fig. 1(f), which illustrates the beampattern
steered to a 15� looking angle.

3. Experimental study

This work has conducted a number of experimental tests for validating the coprime
array theory discussed in Sec. 2. Section 3.1 first describes the design of a coprime
microphone array and then discusses the experimental results in Sec. 3.2 in comparison
with those simulated using the theory briefly described in Sec. 2.

3.1 Coprime array design

A total of 16 electret microphones are flush-mounted on a flat carriage 1m long
(L ¼ 1m), 0.03m wide, and 4mm thick. The flat carriage is designed for easy flush-
mounting on a surface so to be easily deployable in a semi-anechoic chamber on the
rigid floor for experimental investigations, as described below. The coprime numbers
are chosen to be M ¼ 9 and N ¼ 8 for a design frequency fc ¼ ðcMNÞ=ð2LÞ � 12:35
kHz according to Eq. (7). The elementary microphone spacing governed by the spatial
Nyquist theorem amounts to d ¼ k=2 � 1.39 cm. Figures 2(a) and 2(b) illustrate the
coprime microphone array consisting of two staggered linear subarrays across a 1m
aperture and a photograph of the coprime line array, respectively. For the given aper-
ture length, it has to contain 72 microphones in order for the conventional linear
microphone array to fulfill the spatial Nyquist theorem. At this design frequency such

Fig. 2. (Color online) Design, photograph, and the experimental setup of a coprime microphone array. (a)
Design of the coprime microphone array of 1m long containing 16 microphones for a coprime pair of M ¼ 9
and N ¼ 8. (b) Photograph of the coprime microphone array. (c) Experimental setup in an anechoic environ-
ment with the coprime microphone array as shown in (a) and (b).
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a conventional linear microphone array will have a predicted beampattern given by
Eq. (1). The following experimental results using the coprime microphone array con-
taining only 16 microphones demonstrate that the drastically reduced number of
microphones arranged in a coprime array achieve comparable narrowness of the
beampattern.

In order to validate the coprime microphone array beampattern as given by
Eq. (6) and shown in Fig. 1(f) the experimental setup and the preliminary results are
discussed in Sec. 3.2.

3.2 Experimental results

The coprime microphone array in the form of a flat carriage is placed on the ground
of a semi-anechoic chamber. A sound source radiating frequency contents up to 16
kHz is placed on the floor 12.25m away from the center of the microphone array as
shown in Fig. 2(c) so that the sound source can be considered to be in the far field.
Impulse responses between the sound source and the 16 microphones are measured at
each angle as the coprime microphone array is turned between �90� and þ90� with a
1� angular step. To validate the performance of the coprime microphone array in terms
of its beampattern at the design frequency, a narrow bandpass filter (12th-octave) cen-
tered at 12.35 kHz is applied to all measured impulse responses. The beampatterns of
two subarrays are calculated using Eqs. (3) and (5) with experimentally measured,
bandpass-filtered impulse responses hðnÞ, yet without electronic steering (interelement
delay), but rather via a simple summation for every angular orientation of the coprime
array at for a 1� step.

After calculating the total signal energy for each angular step, the normalized
beampatterns are plotted in Fig. 3(a). Figure 3(b) illustrates the beampattern of the
combined two subarrays using Eq. (6). For ease of comparison, the predicted beampat-
terns with the same values for all hðnÞ in Eqs. (3) and (5) ½hðnÞ ¼ 1, in particular] are
plotted in Fig. 3(c). Each grating lobe in the experimentally measured beampatterns of
the subarrays, as shown in Fig. 3(a), corresponds to the predicted ones, as shown in
Fig. 3(c). The subarray M ¼ 9 contains 8 grating lobes, while the subarray N ¼ 8
contains 9 grating lobes. Two sidelobes in the combined beampattern from the

Fig. 3. (Color online) Comparison between predicted and experimentally measured beampatterns of a coprime
microphone array with coprime numbers M ¼ 9, N ¼ 8 for normal incident waves. (a) Experimentally meas-
ured beampatterns of the two subarrays. (b) Experimentally measured beampattern of the coprime array of 16
microphones. (c) Predicted beampattern of the two subarrays. (d) Predicated beampattern of the coprime micro-
phone array.
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experimental data, as shown in Fig. 3(b), are also similar to those illustrated in the pre-
dicted beampattern, as shown Fig. 3(d).

4. Conclusion

Exploiting coprime number theory, microphones can be arranged sparsely with fewer
total elements, exceeding the separation limit governed by the spatial Nyquist theorem.
Two sparse uniform line subarrays, each with a coprime number of microphones, are
staggered into one combined line array such that the subarrays produce narrow grating
lobes that overlap with one another exactly in just one direction. By combining the
subarray beampatterns it is demonstrated by experimental measurements that the
shared beam is retained while mostly canceling the other superfluous grating lobes—as
predicted by theory. This work has implemented a coprime microphone array with a
coprime pair of 9 and 8 forming a coprime microphone array of a total of 16 micro-
phones. At the design frequency, experimental beampatterns derived from narrowband
(12th-octave) measurements are shown to correspond with predicted results. The
narrow beampattern obtained from only 16 microphones across a 1m aperture linear
coprime array can be used for estimating directions of arrivals with high angular
resolution exceeding that predicted by conventional theory of a uniform linear array.
Future analysis of experimental investigations should compare sidelobe-levels of the
coprime and the conventional arrays. More systematic experiments and sophisticated
data analysis are subjects of future research.
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